Abstract-This paper considers the problem of steady motion stabilization and coordination for two vehicles with internal moving mass actuators. The coordinating and stabilizing control laws are derived using energy shaping in the context of mechanics. The proposed method is physically motivated and avoids linearization or cancellation of nonlinearities.
I. INTRODUCTION
Internally actuated systems are enjoying more and more attention from ocean and space engineers as well as control theorists. For example, internal moving masses are used as actuators for a hypersonic re-entry vehicle, because the temperature and pressure outside are very high for conventional external control devices [1] . Moving mass actuators have also been proposed for precision orbit control in spacecraft formations [2] . A fleet of underwater gliders equipped with internal buoyancy engines and internal mass redistribution systems are used to form efficient mobile sensor networks to provide spatially ocean sampling data over long time periods [3] , since actuators housed internally are isolated from the environment and less prone to physical damage and deterioration. On the other hand, internally actuated systems are often underactuated thus are difficult to control, they provide a rich test bed for newly developed control techniques, especially nonlinear controls.
Mechanical systems with internal moving mass actuators form an important class of internally actuated systems. Examples include spacecrafts and underwater vehicles. The behavior of a mechanical system is closely related to its energy, moving mass actuators influence the system's behavior by changing the kinetic metric and the potential energy of the system. Therefore, the controlled system remains mechanical, of which many structure properties can be exploited to help the control design. On the other side, mechanical systems with only internal controls are necessarily not linearly controllable nor feedback linearizable since the momentum is conserved along the controlled equations of motion. For the above consideration, energy-based geometric control offer a promising approach to design nonlinear controllers for internally actuated mechanical systems. First, the energy based methods preserve the system's mechanical structure and do not rely on unnatural and technical-driven techniques, e.g. nonlinearity domination through feedback linearization or high gain; second, the energy based methods exploit structural properties of the mechanical system and often obtain stability and control results that hold over a larger domain than can be obtained using linear design and analysis.
The energy based method employed in this paper is energy shaping. Roughly speaking, energy shaping endows the controlled system with a mechanical structure (either Lagrangian or Hamiltonian) with a desired energy function that qualifies as Lyaponov function for the desired equilibrium. Feedback is required to implement the shaping procedure. [4] initiates the energy shaping design for stabilizing unstable middle axis rotations of a rigid spacecraft using a single internal rotor. [5] employs kinetic energy shaping to stabilize relative equilibria of an underwater vehicle using internal rotors. [6] , [7] use the method of controlled lagrangians, an algorithmic energy shaping approach in the Lagrangian framework, to stabilize steady motions of vehicle systems with internal moving mass actuators. Without the introduction of external controls, a stable relative equilibrium, i.e. steady motion, is the best one can hope for. Although a stable equilibrium can not be obtained, stable relative equilibria are important low-energy and natural motions of mechanical systems and provide attractive solutions to motion planning problems [8] .
Based on the existing results on stabilizing single mechanical system with internal moving mass actuators, this paper investigates the stable coordination problem. Coordination here means the synchronization of systems' state variables of interest. Specifically, we aim to asymptotically stabilize a relative equilibrium which corresponds to two vehicles synchronizing their rotations as well as moving mass positions to designated values. To coordinate, artificial potentials are introduced to couple individuals such that the twovehicle group acts like one multi-body mechanical system. To stabilize, the energy of the total group is shaped such that it takes extremum at the desired relative equilibrium. Asymptotical stability is achieved after feedback damping injection. As far as the authors know, the only work solving the stabilization and synchronization problem for a class of underactuated mechanical systems using energy shaping is [9] , wherein the underactuated control is applied externally. Believe in its ability, we employ energy shaping to study the stable coordination problem for internally actuated vehicles.
The paper is organized as follows. Section 2 describes the dynamics of a two-vehicle group. Section 3 derives the coordinating and stabilizing control law based on energy shaping. Section 4 gives a numerical simulation to demonstrate the control results. Section 5 concludes the paper and gives future research problems.
II. VEHICLE DYNAMICS
We start with a simple mechanical system model (i.e. system's lagrangian equals kinetic energy minus potential energy) for a planar vehicle with one moving mass actuator introduced in [6] , [7] . While this model seems academic, it is quite relevant to a spacecraft spin stabilization problem. Although it is straightforward to extend to more general models (see [10] ), the presented model can illustrate the control idea and design procedure briefly and clearly.
Consider a planar vehicle spinning about its geometry center O shown in Fig. 1 (see [6] Define the non-dimensional quantities [6] ,
where ω 0 > 0 is the equilibrium angular rate. Denotė y the derivative with respect tot, and drop the tilde for convenience, the non-dimensional reduced Lagrangian is
In the absence of physical dissipation, the controlled dynamics is given by the Euler-Lagrange equations for l,
d dt
where u is the control applied to the point mass. Clearly, the total angular momentum
is conserved at all times. Thus, the dynamics evolves on a constant angular momentum surface,
A relative equilibrium for the vehicle is an equilibrium for the reduced dynamics (2) . A relative equilibrium of the form e : (ω, y,ẏ) = (1, 0, 0) corresponds to the vehicle spinning at a constant angular rate ω 0 and the mass being stationary at the center of the slot.
As pointed out in [7] , the eigenvalues corresponding to the linearized dynamics of (2) at relative equilibrium e are
Since α > 1, e is an unstable saddle point. The zero eigenvalue corresponds to conservation of π s . At equilibrium π s | e = α, which means that the controlled dynamics evolves on the angular momentum surface π s = α.
Here, we extend the framework and consider two identical vehicles shown in Fig. 2 . The reduced Lagrangian l g of the vehicle group is
where l 1 , l 2 is given by (1) .
The controlled dynamics is given by the Euler-Lagrange equations for l g , d dt
The total angular momentum of the group
is also conserved at all times. If two vehicles evolve on the same angular momentum surface, a family of relative equilibria of the form
corresponds to both vehicles spinning at a constant angular rate ω 0 , and two moving masses being stationary at position y in the respective slot. The same as the single vehicle case, (5) is unstable. In order to realize a stable, synchronized steady motion, we make the following assumptions.
Assumption 1 Two vehicles have the same initial angular momentum π 0 .
Assumption 2 There is a fixed, undirected communication topology across the two-vehicle group, which means that two vehicles can sense and communicate each other about the relative position of their moving masses.
The control objective is to design feedback controls (u 1 , u 2 ), which only depend on the relative position (y 1 − y 2 ), and respective state (ω, y,ẏ), to stabilize (5) with respect to perturbations that preserve the angular momentum, i.e. perturbations that lie on the surface π s1 = π s2 = π 0 .
III. COORDINATION AND STABILIZATION
In this section, we first review the method of controlled lagrangians [11] , and then design coordinating and stabilizing controls using this method.
A. The Method of Controlled Lagrangians
The method of controlled lagrangians considers a class of feedback controls under which the close-loop dynamics derives from a new, control modified lagrangian, usually consists of a shaped kinetic metric and potential function. Then one feedback control is chosen such that the energy of the close-loop system has extremum at the desired equilibrium, thus achieves Lyapunov stability. [6] gives a brief review of the method of controlled lagrangians.
Consider a system with lagrangian
where M(q) is the positive definite kinetic metric, V (q) is the potential energy. Assume that the system is underactuated and the control bundle representing the actuation directions is integrable, local coordinates q = (q 1 , · · · , q k , · · · , q n ) can be chosen so that dq k , · · · , dq n span the control bundle. The controlled EL-equations can be written in the form
where C is the Coriolis matrix associate with M. The method of controlled lagrangians provides a feedback control u(q,q), and a modified lagrangian
where M c is a control modified kinetic metric, V c is a control modified potential energy, such that the close-loop system is a conserved, unforced (free) lagrangian system for which the equations of motion are given by the associated free ELequations
where C c is the Coriolis matrix associate with M c . The conditions under which such a feedback control exists are called matching conditions. Matching conditions ensure that equations (7) require no control authority in unactuated directions. Solve (7) forq and substituting into (6) relates the original M, V to the control modified M c , V c ,
The matching conditions are given by the upper part of equations (8) . They are a set of nonlinear partial differential equations (PDEs) in M c and V c . Solving matching PDEs for M c and V c and using the lower part of equations (8) gives the feedback control u. Usually, M c and V c are given as a family of parameterized functions. If matching is successfully done, these parameters appear in the feedback control law as control parameters.
After matching, the close-loop systems is a free lagrangian system, of which the energy
is conserved, thus qualifies as a Lyapunov function for stability analysis and stabilization design. The control parameters are chosen such that a desired equilibrium is a minimum (maximum) of E c , thus achieve Lyapunov stability. One may add feedback dissipation to makeĖ c ≤ 0 (Ė c ≥ 0) and assess asymptotic stability using LaSalle's principle.
B. Energy Shaping Based Control Design
A spinning vehicle with the moving mass locating at origin O is stabilized by energy shaping in [6] and [7] . Build on this result, we design the energy shaping control that can stabilize spinning motions with any nonzero moving mass position and extend to coordinate two such vehicle systems.
The reduced Euler-Lagrange equations (4) can be cast in a form that is amenable for the controlled Lagrangian formulation as Mψ + Cψ = Gu,
where
and for i = 1, 2
Let the closed-loop equations be of the form,
Notice that by Assumption 2, the introduced potential V c only depends on the moving mass's position y. Equation (8) gives the general matching conditions, (10), we get the kinetic matching condition,
and the potential matching condition,
To stabilize a relative equilibrium of the form (5), we introduce an artificial potential V c of the form
where the free parameters k 1 , k 2 are to be designed in the stability analysis later. Physically speaking, this artificial potential acts like adding linear springs connecting moving masses in the pair of vehicles.
To make V c matchable with the limited controls, a solution to M c for the matching condition (12) can be constructed by simple linear algebraic operations [7] ,
where ρ is also a free parameter. To make M c nonsingular, we need Det(M c ) = 0 ⇒ ρ = 1.
However, [7] observes that matching solution (14) does not lead to a proof of nonlinear stability. Moreover, seeking other matching solutions involves solving PDEs and do not ensure the existence of a stable solution. Different from a spectral stability analysis in [7] , We apply matching solution (14) to the following system,
whereM andC have the same form in (9), but with elements
Lemma 1 relates solutions of system (9) and (15). Lemma 1 Two systems (9) and (15) produce the same state trajectories in coordinates (y 1 , y 2 , ψ), if and only if two controls satisfy
Proof Solve forψ in (9) and (15) respectively,
where the solution with subscript "bar" is to equations (15). It is straight thatψ =ψ bar if and only if (16) holds. Applying matching solutions (14) to (15), if a stable solution exists, we can obtain the same state trajectory from system (9) under control (16).
The energy shaping control implementing (13) and (14) for system (15) is
Following matching, we analyze Lyapunov stability of the relative equilibrium
of system (15), which corresponds to a relative equilibrium in the form of (5) of system (9) . We also derive conditions on the (control) parameters k 1 , k 2 , ρ to achieve stability. The control-modified energy of the vehicle group
is a conserved quantity.
Proposition 1
The energy shaping controlū es stabilizes the relative equilibriumē with ρ < 1, k 1 < 0, and k 2 < 0.
Proof The Lyapunov stability is proved using EnergyCasimir method [12] in three steps. First, let
be a candidate Lyapunov function where φ(·) is a tobe-determined smooth function of π sg . The function E φ is conserved by construction. Second, choose the function φ(π sg ) such that the desired relative equilibriumē is a critical point for E φ . Third, the condition that the Hessian of E φ be definite atē is sufficient for Lyapunov stability. We construct the function φ(π sg ) as follows
Upon calculation, one can check that grad(E φ )|ē = 0, and HessE φ |ē is negative definite provided
Therefore, the relative equilibrium can be made a maximum of the conserved quantity E φ , thus it is Lyapunov stable from the Energy-Casimir method.
Let's augment the energy shaping control (17) with feedback dissipation as in [7] , that is, u =ū es +ū diss .
The close-loop equations becomē
The control-modified energy is no longer conserved and its rate is given byĖ
Choosing
be the dissipation matrix, where k diss is the dissipation parameter. The feedback dissipation is
Proposition 2 The feedback controlū =ū es +ū diss asymptotically stabilizes the relative equilibriumē with respect to perturbations constrained to the surface π s1 = π s2 = π s2 |ē = α for k diss > 0.
Proof We still use E φ defined in (18) as a Lyapunov function. Consider any compact, positively invariant set Ω on the constant angular momentum surface π s1 = π s2 = α containing the relative equilibrium. Let W be the set of all points in Ω at whichĖ φ = 0. Since π sg is conserved all the time, and k diss > 0,
Let M be the largest invariant set contained in W , then any point in M satisfies (ÿ 1 ,ÿ 2 ) ≡ (0, 0). Writingÿ i , i = 1, 2 explicitly and setẏ i = 0, we geẗ y i = 0 if and only if z i = 0. Conservation of π s1 and π s2 gives M = (1, 0, 0, 1, 0, 0).
LaSalles invariance principle asserts that every trajectory starting in Ω approaches M as t → ∞, thus prove the asymptotic stability of the relative equilibrium. Invoking Lemma 1, we immediately have Corollary 1 The feedback control
asymptotically stabilizes a relative equilibrium (5) of system (9) with ρ < 1, k 1 < 0, k 2 < 0, and k diss > 0.
IV. SIMULATION EXAMPLE
We illustrate the coordinating and stabilizing laws derived in Section 3 with a numerical simulation.
The desired relative equilibrium for the two vehicle group is (ω 1 , y 1 ,ẏ 1 , ω 2 , y 2 ,ẏ 2 ) = (1,ȳ, 0, 1,ȳ, 0).
The physical parameters of the vehicle are chosen such that α = 2. The parameters in the artificial potential V c is chosen
The energy shaping controls for two vehicles are
The feedback dissipations for two vehicles are
The control parameters are ρ = 0.5, k diss = 0.5. The initial conditions of the two-vehicle group are (ω 1 , y 1 ,ẏ 1 , ω 2 , y 2 ,ẏ 2 )(0) = (0.5, −0.5, 0.875, 0.75, 0, 0.5).
The controlled dynamics evolves on the conserved angular momentum surface Fig. 3 shows the evolution of the states and the controlled energy of the two-vehicle group.
The up-left subplot illustrates that the positions of two moving masses converge to y = 0, while the up-right subplot illustrates the corresponding velocities. The downleft subplot illustrates that two vehicles' angular velocities asymptotically synchronize. The last subplot illustrates that the controlled energy is nondecreasing and converges to its maximum, since the relative equilibrium to be stabilized is at the maximum of the controlled energy.
On the same constant angular momentum surface, letȳ = 0.5. Fig. 4 illustrates the asymptotical stabilization with a nonzero equilibrium position for the moving mass.
The up-left subplot illustrates that the positions of two moving masses converge to y = 0.5, while the up-right subplot illustrates the corresponding velocities. The downleft subplot illustrates that two vehicles' angular velocities asymptotically synchronize. The steady value of the synchronized velocity is less than 1 as in the first simulation case because a nonzero moving mass position change the kinetic metric of the system, thus the steady velocity value since two cases evolve on the same constant angular momentum surface. The last subplot illustrates that the controlled energy is nondecreasing and converges to its maximum.
V. CONCLUSIONS
In this paper, we have considered the problem of stable coordination for two vehicles with internal moving masses actuators. The energy based control law is designed in the context of mechanics, and does not rely on the linearization or cancellation of the nonlinearities.
However, the academic model employed in this paper dose not consider the effect of gravity, which plays an important role in the dynamic analysis and control synthesis for internally actuated underwater vehicles. To include forces and moments due to gravity in the dynamic model, and use energy shaping to solve the stable coordination problem is our ongoing work. It is also of interest to consider coordination problems in a group of N > 2 individuals, without a complete communication topology, but only e.g. connected communications.
